Improper Integrals

Improper integrals are one of the two types of definite integrals. The other type, of course, will be proper integrals. We know definite integrals are of the form 
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is a definite integral. However, what makes a definite integral proper or improper has to do with its (upper and lower) limits, as well as the integrand. For example, 
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is an improper integral. It is an improper integral because, instead of integrating the function on a finite interval as in (1), we are integrating the function on the infinite interval. Similarly, 
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 are improper integrals because the interval of integration is infinite. Therefore, whenever the interval of integration is infinite, the integral will be considered improper.
Sometimes, however, even the interval of integration is finite, the integral may still be improper. This has to do with the integrand in relation to its upper and/or lower limits. For example, 
[image: image6.wmf]1

0

ln

xdx

ò

 is an improper integral despite the interval of integration (from 0 to 1) is finite. The reason is because the limit of ln x as x approaches 0 from the right is –( (i.e.,
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). Other examples of this type of improper integrals include 
[image: image8.wmf]2

0

tan

xdx

p

ò

 (since
[image: image9.wmf]2

limtan

x

x

p

-

®

=¥

) and 
[image: image10.wmf]2

0

1

1

dx

x

-

ò

 (since
[image: image11.wmf]1

1

lim

1

x

x

-

®

=-¥

-

 and 
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). As we can see, the three integrals above have one thing in common: the function in the integrand fails to be continuous on its interval. While the first two integrands fail to be continuous at one of the endpoints of their respective intervals, the third integrand fails to be continues at a point between the two endpoints. Therefore, if the integrand is not continuous on a given interval (regardless the interval is finite or in finite), the integral is considered to be improper. 

The following examples (along with their graphs) may help you to understand the difference between improper and proper integrals better:

	Integral
	Graph
	Comment
	Proper or Improper?
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	The function is continuous on (–∞,∞), and the interval is finite.
	Proper!
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	The function is continuous on (–∞,∞), but the interval is infinite.
	Improper!
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	The function is not continuous on (–∞,∞), but it’s continuous on closed interval of [1, 2] and the interval is finite.
	Proper!
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	The function is not continuous on the closed interval of [0,2]. It is discontinuous at 0, one of the endpoints of the interval.
	Improper!
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	The function is not continuous on the open interval of [0,2]. It is discontinuous at 1, which a point between 0 and 2.
	Improper!
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