Trigonometric Integrals 
Trigonometric integrals are integrals that only involve trigonometric functions. Without further ado, let’s see what are (or how to find) the integrals of each of the six basic trigonometric functions:

1.
What is ( sin x dx?


Since (cos x)( = –sin x, therefore (–cos x)( = sin x, and hence ( sin x dx = –cos x + C.

2.
What is ( cos x dx?


Since (sin x)( = cos x, therefore ( cos x dx = sin x + C.

3.
What is ( tan x dx?


Since tan x = 
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, we can let u = cos x, so that du = –sin x dx. Therefore, 


( tan x dx = ( 
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 dx = –( 
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 du = = –ln |u| + C = –ln |cos x| + C. 


However, since –ln t =  ln t–1 = ln (1/t), so –ln |cos x| = ln |1/cos x| = ln |sec x|. Therefore, 


( tan x dx = ln |sec x| + C (as displayed in many textbooks) .  

4.
What is ( cot x dx?


Since cot x = 
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, and let u = sin x, so that du = cos x dx. Therefore, 


( cot x dx = ( 
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 du = ln |u| + C = ln |sin x| + C. 

5.
What is ( sec x dx?


To integrate sec x, we multiply it by a quantity of 1: 
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. Why? Well, because it works:


( sec x dx = 
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Now we let u = sec x + tan x, so that du = (sec x tan x + sec2x) dx (exactly what the numerator is!). Therefore, we have


I = ( 
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 du = ln |u| + C = ln |sec x + tan x| + C

If you wonder how can anyone (yourself in particular) know to multiply
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. Well, you can’t. I believe whoever first came up with this quantity of 1 had already foreseen the end result of the integral: ln |sec x + tan x|. Only he needed a way to explain how he got to there, and the only thing is to multiply 
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, since the quantity sec x + tan x is part of the result. Of course, if you need to ( sec x dx. You really have to look up rather than to remember it’s multiply 
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5.
What is ( csc x dx?


To integrate csc x, similar to , we multiply it by a quantity of 1: 
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( sec x dx = 
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Now we let u = csc x – cot x, so that du = (–csc x cot x + csc2x) dx (exactly what the numerator is!). Therefore, we have


I = ( 
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 du = ln |u| + C = ln |csc x – cot x| + C

If you wonder how can anyone (yourself in particular) know to multiply
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. Well, you can’t. I believe whoever first came up with this quantity of 1 had already foreseen the end result of the integral: ln |sec x + tan x|. Only he needed a way to explain how he could get to there, and the only thing is to multiply 
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, since the quantity sec x + tan x is part of the result. Of course, when if you need to ( sec x dx. You really have to look up rather than to remember it’s multiply 
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	1. ( sin x dx = –cos x + C
	3. ( tan x dx = –ln |cos x| + C or ln |sec x| + C
	5. ( sec x dx = ln |sec x + tan x| + C

	2. ( cos x dx = sin x + C
	4. ( cot x dx = ln |sin x| + C
	6. ( csc x dx = ln |csc x – cot x| + C


For ( sinmx cosnx dx  (m, n ( 0) 
  

1. 
If m (the power of sine) is even and n (the power of cosine) is odd:


Let u = sin x, save one factor of cos x for du, and use cos2x = 1 – sin2x to express the remaining factors in terms of sine. For example,

  

( sin4x cos3x dx = ( sin4x cos2x cos x dx = ( sin4x (1 – sin2x) cos x dx = ( u4 (1 – u2) du = ...


Let u = sin x, du = cos x dx 
  

2. 
If m (the power of sine) is odd and n (the power of cosine) is even:


Let u = cos x, save one factor of sin x for du, and use sin2x = 1 – cos2x to express the remaining factors in terms of cosine. For example,

  

( sin5x cos2x dx = ( sin4x cos2x sin x dx = ( (1 – cos2x)2 cos2x sin x dx = –( (1 – u2)2 u2 du = ...


Let u = cos x, du = –sin x dx
  

3. 
If m (the power of sine) is odd and n (the power of cosine) is odd:


Use either one of the above two methods. For example,

  

( sin3x cos3x dx = ( sin3x cos2x cos x dx = ( sin3x (1 – sin2x) cos x dx = ( u3 (1 – u2) du = ...


Let u = sin x, du = cos x dx 
Or

( sin3x cos3x dx = ( sin2x cos3x cos x dx = ( sin2x cos3x sin x dx = –( (1 – u2) u3 du = ...


Let u = cos x, du = –sin x dx 
  

4. 
If m (the power of sine) is even and n (the power of cosine) is even:


You have to use the identities: sin2x = ½(1 – cos 2x) and cos2x = ½(1 + cos 2x). For example,

  

( sin2x cos2x dx = ( ½(1 – cos 2x)(½(1 + cos 2x) dx = ¼( 1 – cos22x dx = ...

Notes:

1.
If either or both powers of sine and cosine are odd, you may need to use one of the following identities: cos2x = 1 – sin2x and sin2x = 1 – cos2x (both of these are from cos2x + sin2x = 1).

2.
If both powers of sine and cosine are even, you must use the identities: sin2x = ½(1 – cos 2x) and cos2x = ½(1 + cos 2x).

3.
It is also helpful for you to know the following identities: (a + b)(a – b) = a2 – b2, (a + b)2 = a2 + 2ab + b2, and (a – b)2 = a2 – 2ab + b2.

  

For ( tanmx secnx dx  (m, n ( 0) 
  
1. 
If n (the power of secant) is even:


Let u = tan x, save one factor of sec2x for du and use sec2x = 1 + tan2x to express the remaining factor of secant in terms of tangent. For example,
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