u-Substitution

When we evaluate integrals, some integrals are difficult to integrate. However, most of these require a technique called the u-substitution. That is, the integral can be evaluated if we can wisely use a substitution. 

As you will see, the first couple of examples do not require the u-substitution, but we will lead you to u-substitution and show you why we need to use u-substitution. 

Let’s evaluate ∫ x + 1 dx: 

Answer: 
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 (Easy!)

Now let’s evaluate  ∫ (x + 1)2 dx:
Answer: 
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 (What is the big deal?)

However, if you are asked to evaluate 
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[image: image4.wmf]200

(1)

xdx

+

ò

, or even 
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. Of course we are not going to expand it like we did for (x + 1)2. It’s way too time-consuming even if it’s feasible. So how are we going to evaluate these integrals?
Answer: Notice each of the integrands has the format of un where u = x + 1. Therefore, they can be written as
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, respectively. However, to evaluate each of these integrals, we still have to change dx in terms of du. This is how:


(
u = x + 1   


( 
du/dx = 1

i.e.,
du = dx 

Now rewrite (or replace) dx in 
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 by du, we have 
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 respectively, and we are ready to integrate them too:
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However, since the given integrals are really in terms of x, so we have to replace the u in our answers back to x:
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In conclusion, u-substitution can be characterized by the following four steps:

1. Let u be an appropriate substitution for a component of the integrand, and based on the substitution, obtain du also. 

2. Rewrite the whole integral in terms of u and du.  

3. Integrate the integral. 

4. Rewrite the result in terms of x. 

Two more examples: 1. 
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    and    2. 
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1. Let u = 2x + 3 ( du = 2 dx ( ½ du = dx  (
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2. Let u = x2 + 1 ( du = 2xdx ( ½ du = xdx (
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Of course, the most important part of u-substitution is: how do we know what to substitute?

There is no definite answer to the question. However, let u be the base if the integrand has the component of the form base n (where n is a constant), or let u be the radicand if the integrand has 
[image: image25.wmf]n

radicand

 (after all, 
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= radicand 1/n). Again this is not a carved-in-stone rule, only most of the time it works. 

Also, when we use u-substitution, we hope u can replace one part of the integral and du can replace the rest of the integral. (Of course, we won’t know this unless we carry out the u-substitution!) 

Let’s revisit 
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. In 
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, letting u = x + 1 (where du = dx), the component (x + 1)20 in the integral can be taken care of by u20, and the component dx is exactly du. In 
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, letting u = x2 + 1 (where du = 2xdx or ½du = xdx), 
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can be replaced by u1/2, and xdx (tough not exactly du) can be replaced by ½du. As you can see in the latter example, if one part of the integral can be “taken care” of by u, the other part needs not to be exactly the same as du so long as this part and du only differ by a constant multiple, in this case, 2 if you look at it as du = 2xdx (or ½ if you look at it as xdx = ½du).  

There are occasions which are not straightforward, i.e., you can’t simply have u takes care of one part of the integral and du takes care of the other (and end of story). For example, let’s look at 
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. If we let u = x2 + 1 (as it has been mentioned earlier), so the component 
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 can be replaced by u1/2. Now, du = 2xdx and compare this with the rest of the integral, x3dx, we can see that our du, which is 2xdx, doesn’t have x3 in it. Does our u-substitution fail us in this time? 

The answer is no. We still can let u = x2 + 1 (with du = 2xdx), and we just have to be clever. Notice that the rest of the integral, x3dx, is really the same as x2(xdx. If we look at it as x2(xdx, x2 is really u – 1 (since u = x2 + 1) and xdx is really ½du. So, 
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Now, move the ½ (of ½du) to the front of the integral (since it’s a constant multiple) and distribute u1/2 with u – 1, we have 
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 (Finished!)

We should mention that it’s just a convention to use the letter u to substitute integrals which are usually in x. However, if you prefer the letter v or any other letters, you can use them as well. It won’t affect the result. For example, in 
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, we can let v = x + 1, so dv = dx and hence, 
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. Also if the given integral is already in terms of u, and you still have to use a substitution, you must use another variable. For example, if the given integral is 
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, we have to let v (or some other variable) be u + 1 (it would be absurd to let u be u + 1).
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