How to find zeros of f(x) when it’s in expanded form and factoring doesn’t seem feasible 

Example 1:

Find all real zeros of f(x) = x3 – 2x2 – 9x + 18 (let’s assume we don’t know it can be factored by grouping).


Use synthetic division:
a) Write down all the coefficients of the polynomial f(x) (use 0 when a term is missing)  

b) Guess a number and hope it works*
So, try 1 first:
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( * We hope this number is exactly 0. If it is, then the number (1 in this case) we try is a







zero of f(x), otherwise it is not. [Here, 1 is not a zero since the number is 8, not 0.]

So, try another number, say 2:
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( * Since now this number is 0, the number (2 in this case) is a zero of f(x).

We can use synthetic division again by trying other numbers, however, at this point, we don’t have to. Ignoring the last 0 in the last row, the numbers 1  0  –9 really mean 1x2 + 0x – 9 (since the degree of the polynomial has reduced by 1). Set this equal to 0, we can solve it as a quadratic equation, i.e., x2 – 9 = 0 ( (x + 3)(x – 3) = 0 ( x = 3, –3. 

Q: Are we really randomly guessing numbers?

A: No. We can use the Rational Zeros Theorem (RZT), which tells us what numbers we should try. The RZT simply says: All the possible rational zeros of f(x) comes from the form 
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Applying the RZT to f(x) = x3 – 2x2 – 9x + 18: 
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Advantage: Tells exactly what numbers to try (in the synthetic division).

Disadvantage: Most of the time, it gives (too) many numbers despite most of them don’t work anyway. 

We need other theorems, one of which is the Descartes’ Rule of Signs (DRS), which tells us to see how many changes in signs from one coefficient to the next in both f(x) and f(–x): the number of changes in f(x) tells us the number of positive real zeros, the number of changes in f(–x) tells us the number of negative real zeros.

For example, let apply the DRS to our polynomial f(x) = x3 – 2x2 – 9x + 18. 

f(x) has 2 changes in signs, therefore, there are either 2 or 0 positive real zeros.

f(–x) = (–x)3 – 2(–x)2 – 9(–x) + 18  


= –x3 – 2x2 + 9x + 18

f(–x) has 1 change in signs, therefore, there must be exactly 1 negative real zero.

Advantage: Tells you the possible number of positive and negative real zeros.

Disadvantage: So what?

So when we are trying to find the zeros of a polynomial, we should use both the RZT and DRS (and perhaps other theorems too) to narrow down the numbers we really need to use in synthetic division. Let’s see the next example. 


Example 2:

Find all real zeros of f(x) = x3 + 6x2 + 11x + 6.

Before we use synthetic division, let’s use RZT and DRS to find out the possible rational zeros.

By RZT: 
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By DRS, we actually don’t need to try any positive numbers since f(x) has no changes in signs, f(x) will not have any positive real zeros.

Therefore, we should try –1 first. (If you try any of 1, 2, 3 and 6, you are wasting your time!)
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( Yes, –1 is a zero!

Now set x2 + 5x + 6 = 0 and solve it by factoring, we can obtain x = –2 and x = –3. See, no positive real zeros, all zeros are negative!
If a number we try is not a zero, we still hope that it can give us some information about the zeros of the polynomial. For example, if we try a positive number (from the RZT) and it doesn’t work, do we need to try a larger number or can we stop and try a smaller number instead? This question can be answered by using the Boundedness Theorem (BT), as we will see from the next example.


Example 3:

Find all real zeros of f(x) = 2x3 + 7x2 – 2.

By RZT: 
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By DRS, there is exactly one positive real zero since f(x) has 1 change in signs. (Let’s try to find it!)
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Boundedness Theorem:
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If you try a positive number (1, in this case) and if the last row of the synthetic division it







produces are either positive numbers or 0, then this number is an upper bound of the zeros.







[That is, we don’t need to try 2, but try ½ instead.] 
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Yes, ½ is a zero!

(2x2 + 8x + 4 = 0) (2 ( x2 + 4x + 2 = 0 ( 
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Summary

When we try to find zeros of a polynomial function in expanded form and factoring doesn’t seem feasible, we 

a) Use synthetic division!

b) Use Rational Zeros Theorem, Descartes’ Rule of Signs and Boundedness Theorem as guides for numbers we need to try in synthetic division.

c) The goal is to reduce the polynomial of degree ( 3 to a polynomial of degree 2. For example, if the polynomial has degree 4, we must use synthetic division to find two zeros first, so that the degree of the polynomial can be reduced to 2. Once it’s in degree 2, we can either factor (if possible) or use quadratic formula to find the remaining two zeros. 

[Not factorable, must use quadratic formula]
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