Multiple-choice problems I submitted for the final (Fall 2005):

1.
sin4( – cos4( =

a) sin( – cos(
b) sin( + cos(
c) sin2( – cos2(
d) sin2( + cos2(
e) sin3( – cos3(
2.
If log x ( = e, then log ( x = 


a) –e
b) 1/e
c) e(
d) (e
e) ln (
3.
If a rational function has a vertical asymptote at x = 1 and a hole at x = 2, we can infer that
a) both 1 and 2 are zeros of both the numerator and the denominator. 

b) 1 and 2 are zeros of the numerator, but only 1 is a zero of the denominator.
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c) 1 and 2 are zeros of the denominator, but only 1 is a zero of the numerator.
d) 1 and 2 are zeros of the numerator, but only 2 is a zero of the denominator.


e) 1 and 2 are zeros of the denominator, but only 2 is a zero of the numerator.
4.
Two of the following functions resemble the graph on the right. Identify them. 


f(x) = e–|x|,   g(x) = e|–x|, r(x) = 
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, s(x) = 
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a) f and g
b) f and r
c) r and s
d) g and s
e) g and r
5.
Which of the following quadratic functions has the property that it has no x-intercepts if k = 0, exactly one x-intercept if k = 1 and two x-intercepts if k = 2?


a) y = x2 + kx
b) y = x2 + kx + 1
c) y = x2 + 2kx 
d) y = x2 + 2kx + 1
e) y = x2 + 2kx + 2

6.
Let f(x) is an odd-degree polynomial and g(x) is an even-degree polynomial. If s(x) = f(x) + g(x) and p(x) = f(x)g(x), which of the following statements is true?


a) The degree of s(x) must be odd.
b) The degree of s(x) must be even.


c) The degree of p(x) must be odd.
d) The degree of p(x) must be even.

e) None of the above since neither the degree of s(x) nor the degree of p(x) can be determined.

7.
Let f(x) be a rational function with exactly one vertical asymptote, one horizontal asymptote and one hole. The vertical asymptote is x = 1, the horizontal asymptote is y = 2 and the hole is at x = 3. Which of the following limits does not exist?


a) 
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c) 
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d) 
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8.
Let f(x) be a degree 5 polynomial function with leading coefficient 1. If f(x) has only integer coefficients and exactly 4 distinct real zeros: 1, 2, 3, and 4, which of the following can’t be the constant term?


a) –24
b) –48
c) –72
d) –96
e) –120

9.
To figure out the number of digits of a large number, 1252005 for example, we use the following formula: 
[log x] + 1, where [n] is the greatest integer ( n. How many digits does 1252005 have?


a) 126
b) 2006
c) 2131
d) 4205
e) 1252005 + 1
10.
How many times does the graph of y = 2 sin 2x and y = ½ cos ½x intercept on the closed interval [0, 2(]? 


a) 1
b) 2
c) 3
d) 4
e) 5

11.
Let f(x) = 
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. What is the value of k so that f(x) is continuous at x = 2? 

a) 1
b) –2
c) 5
d) –6
e) none—no matter what k is, f(x) will not be continuous at x = 2.

Solutions:

1. (c)
sin4( – cos4( = (sin2( + cos2()(sin2( – cos2() = 1(sin2( – cos2() = sin2( – cos2(.

2. (b)
Since log x ( = 
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, therefore log x ( = e ( log ( x = 1/e.

3. (e)
If a rational function has a vertical asymptote at x = 1 and a hole at x = 2, then it is undefined at x = 1 
and 2, so the denominator must have x – 1 and x – 2 as factors, i.e., 1 and 2 are zeros of the denominator. Since there is a hole at x = 2, the numerator should also have a factor of x – 2 (to cancel the one in the denominator), so 2 should be a zero of the numerator too. Note: the rational function can be 
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	x
	–2
	–1
	0
	1
	2

	e–|x|
	e–2 = .14
	e–1 = .37
	1
	e–1 = .37
	e–2 = .14

	e|–x|
	e2 = 7.39
	e1 =2.72
	1
	e1 =2.72
	e2 = 7.39
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	1/5 = .2
	½ = .5
	1
	½ = .5
	1/5 = .2


4. (b)
We know it can’t be s(x) since it has two vertical asymptotes (x = 1 and x = –1), but the graph doesn’t have any vertical asymptotes. If you don’t know the graph off the top of your head, all you need to do is to make a table of values for x, say x = –2, –1, 0, 1 and 2 (see table on the right). So it seems f(x) = e–|x| and r(x) = 
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5. (d)
This one you have to go through the choices and do process of elimination.

Choice (a): If k = 0, y = x2 has one x-intercept at the origin. (OUT!)


Choice (b): If k = 0, y = x2 + 1 has no x-intercepts, but if k = 1, y = x2 + x + 1 also has no x-intercepts (OUT!)


Choice (c): If k = 0, y = x2 has one x-intercept at the origin. (OUT!)

Choice (d): If k = 0, y = x2 + 1 has no x-intercepts; if k = 1, y = x2 + 2x + 1 has one x-intercept; and if k = 2,



y = x2 + 4x + 1 has two x-intercepts. (This is the ONE!)


Recall: a quadratic function/parabola has no x-intercepts if b2 – 4ac < 0, one x-intercept if b2 – 4ac = 0 and two x-intercepts if b2 – 4ac > 0.

6. (c)
Make up a simple polynomial function for f(x) and for g(x). For example, let f(x) = x3 and g(x) = x2. s(x) = f(x) + g(x) = x3 + x2 is an odd-degree polynomial and p(x) = f(x)g(x) = x3( x2 = x5 is also an odd-degree polynomial. It seems both choices (a) and (c) work. However, if we modify one of the functions, say g(x) = x4 (while keeping f(x) = x3), we have s(x) = f(x) + g(x) = x3 + x4 is an even-degree polynomial but p(x) = f(x)g(x) = x3( x4 = x7 is still an odd-degree polynomial, therefore the correct choice is (c).
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7. (a)
If a rational function f(x) has a vertical asymptote at x = c, then the limit of f(x) as x approaches c does not exist. An example of the graph of f(x) is shown on the right.
8. (e)
One of the hardest problems here. However, if you have the right approach, it’s not that difficult. The key is to set up f(x) in factored form: f(x) = (x – 1)(x – 2)(x – 3)(x – 4) since it has 1, 2, 3, 4 as zeros. However, f(x) is degree 5 so it should have 5 zeros. Since the problem says f(x) has exactly 4 distinct real zeros, so the last (or 5th) zero must be real (it can’t be imaginary since imaginary zeros come in conjugate pairs) and it must be one of the 4 given zeros. Therefore, f(x) can be one of the following:   


f1(x) = (x – 1)2(x – 2)(x – 3)(x – 4)  (  f1(0) = (–1)2(–2)(–3)(–4) = –24



f2(x) = (x – 1)(x – 2)2(x – 3)(x – 4)  (  f2(0) = (–1)(–2)2(–3)(–4) = –48



f3(x) = (x – 1)(x – 2)(x – 3)2(x – 4)  (  f3(0) = (–1)(–2)(–3)2(–4) = –72



f4(x) = (x – 1)(x – 2)(x – 3)(x – 4)2  (  f4(0) = (–1)(–2)(–3)(–4)2 = –96


An easy way to find the constant term of a polynomial function in factored form is to plug in x = 0 (see above). As we can see, the constant term can’t be –120.
9. (d)
A pretty straight forward problem since you are given the formula already. The number of digits of 1252005 is [[log 1252005] + 1, which is [2005(log 125] + 1. Using a calculator, we have 2005(log 125 = 4024.304576, therefore [2005(log 125] = 4024 and [2005(log 125] + 1 = 4024 + 1 = 4025.
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10. (e)
Just roughly sketch the two functions on the same set of axes (see graph on the right).
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11. (c)
Simplify 
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. Therefore, the graph of f(x) is almost the same as the graph y = x + 3 except that it has a hole at x = 2. To find out where this hole is, plug x = 2 into the simplified form x + 3, which yields 5. Therefore, the hole is at (2, 5). If we let k = 5, we can fill in the hole and make f(x) continuous. 
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