u-Substitution

When we evaluate integrals, some integrals are difficult to integrate. However, most of these require a technique called the u-substitution. That is, the integral can be evaluated if we can wisely use a substitution. 

As you will see, the first two examples do not require the u-substitution, but we will lead you to u-substitution and show you why we need to use it in many of our later examples.
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 (Easy!)

Now let’s evaluate 
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However, to evaluate integrals such as 
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 (**), we can’t expand them like we did for (2x + 1)2. It’s way too time-consuming even if it’s feasible. So how do we evaluate these integrals? You might wonder: Can we use the formula
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? If we can, and if we go back to
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[image: image10.wmf]332

(21)81261

33

xxxx

CC

++++

+=+

 = 
[image: image11.wmf]32

81

42

33

xxxC

++++

, which is not the same as (*).
So we can’t use the formula
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. However, we can manipulate it so that we can use it. This is how: If
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, what is
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? Ans: _________. 
[image: image15.wmf]n

ydy

ò

? Ans: _________. And finally, what is
[image: image16.wmf]n

udu

ò

? Ans: _________.
Notice each of the integrals in (**) has the format of un if u = ______. Therefore, they can be written as
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, respectively. However, to evaluate each of these integrals, we still have to change dx in terms of du. This is how:


let
u = 2x + 1

(
du/dx = 2 

(
du = 2dx 


( ½ du = dx
Now rewrite (or replace) the “dx” in 
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 with ½ du, we have 
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 respectively, too (and notice since ½ is a constant multiplier, we can “move” the ½ outside of the integral as a coefficient), and we are ready to integrate them:
½
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However, since the given integrals are really in terms of x, so we have to replace the u in our answers back to x:

½
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There are only four steps when using the u-substitution:

1. Let u be an appropriate substitution for a component of the integrand, and based on the substitution, obtain du also. 

2. Rewrite the whole integral in terms of u and du.

3. Integrate the integral with respect to u. 

4. Rewrite the result in terms of x. 

Two more examples: 1. 
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1. Let u = _______ ( du = ____ dx  ( 
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2. Let u = _______ ( du = ____ dx ( __ du = __ dx (
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Of course, the most important part of u-substitution is: how do we know what to substitute?

There is no single answer to this question. However, let u be the base if the integrand has the component of the form base n (where n is a constant), or let u be the radicand if the integrand has 
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 (after all, 
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= radicand 1/n). Again this is not a carved-in-stone rule, only most of the time it works. 

Also, when we use u-substitution, we hope u can replace one part of the integral and du can replace the rest of the integral. (Of course, we won’t know this unless we do it!) 

Let’s revisit 
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In 
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, letting u = x2 + 3 (where du = 2xdx), the component (x2 + 3)4 in the integral can be taken care of by u4, and the component (the rest of the integral) 2xdx is exactly du. 
In 
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, letting u = x2 + 1 (where du = 2xdx or ½du = xdx), 
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can be replaced by u1/2, and xdx (though not exactly du) can be replaced by ½du. 
As you can see from the latter example, if one part of the integral is taken care of by u, the other part does not need to be exactly the same as du so long as this part and du only differ by a constant multiple. In this case, the constant multiple is 2 if you look at it as du = 2xdx (or ½ if you look at it as xdx = ½du).  

Example 3: 
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Let u = ___________ ( du = ______ dx ( __ du = _______ dx  (
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As we can see, if the integrand is in the form of 
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, let u be the base of the denominator (not including the exponent), then du will be k(numerator(dx where k is a constant (not always, but at least most of the time, including this example).

The previous pages describe the u-substitution for indefinite integrals, so what about a definite integral that requires u-substitution? Let’s look at this definite integral: 
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Let u = x + 1, then du = ___. Now let’s look at the interval of integration for x: 0 ( x ( 1. 


0 (     x    ( 1

(
1 ( x + 1 ( 2

(
1 (     u    ( 2  (since x + 1 is really u!)

So our interval of integration for u is: 1 ( u ( 2, and hence we have 
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What if we use the original limits? Well, we will have:
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 ( A different answer!

Which one is correct? Well if we change the variable from x to u, it would make more sense to _______ the limits than to ______ them. Therefore, the ______ evaluation is correct. 
However, you can use the original limits as long as after the integration with respect to u, you write the answer back in terms of __ (or the original variable), then you can use the original _______ for the plug in. For example,    
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 ( Same as the first answer!

Therefore, you have two options in evaluating definite integrals where u-substitution is required:
Option 1:
1. Let u be an appropriate substitution for a component of the integrand, and based on the substitution, obtain du also. 

2. Rewrite the whole integral in terms of u and du.

3. Integrate the integral with respect to u. 

4. Rewrite the result in terms of x. 

5. Plug the original limits to get the answer.

Option 2:
1. Let u be an appropriate substitution for a component of the integrand, and based on the substitution, obtain du also. 

2. Rewrite the whole integral in terms of u and du.

3. Integrate the integral with respect to u. 

4. Use inequality to find out the new limits respect to u.

5. Plug the new limits to get the answer.

Examples:
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