What is e? 

In precalculus, you may have been told that e is an irrational number just like (. It’s approximately equals to 2.718. If you use your 10-digit scientific calculator and if you know how to use it properly(1), e is displayed as 2.718281828, which make it seem more like a repeating decimal and hence a rational number. However, if you can see more digits, you will see that e is really 2.718281828459...—anything but a repeating decimal. If you accept the fact that e is irrational, you may wonder: what makes e approximately 2.718? For that, we have to see the definition of e, and e has not one but three definitions:
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3.  e is the number such that 
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If you want to use the first definition to see what e exactly equals to, you need to plug ( into (1 + 1/x)x, which is impossible. However, if you just want to see what e approximately is, you can use your calculator and plug in a large number, say 1 million, i.e., see how much (1 + 1/1,000,000)1,000,000 yields. The calculator should give back ____________ and that is a very good approximation of e.
The second definition of e is in terms of a summation (where ( is the summation symbol). A summation is a just a sum of (usually infinitely many) terms, and so is this case, with each term is of the form 1/n!. For a positive integer n, n! is the product of first n positive integers, i.e., n! = n(n – 1)(n – 2)...(3)(2)(1). For example, 4! = 4(3)(2)(1) = 24, 3! = 3(2)(1) = 6, 2! = 2(1) = 2, 1! = 1, and last but not least, 0! = 1 where 0! is defined to be 1 despite 0 is not a positive integer. Therefore, according to the second definition, e = 1/0! + 1/1! + 1/2! + 1/3! + 1/4! + ... Again there is no way we can add up all the terms since there are infinitely many, however, if you just add up the first 11 terms, i.e., 1/0! + 1/1! + 1/2! + 1/3! + ... + 1/10!, you will get ____________ (using the calculator, of course)—an even better approximation! 

The Derivative of ex
The third definition does not give an approximation of e, however, it’s very useful to find the derivative of 
f(x) = ex. Recall the limit definition of f ((x), derivative of f(x): 
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Therefore, if f(x) = ex, we have f ((x) = 

Hey, the derivative of ex is ___, i.e., ________!

Find the derivative of the following functions (hint: use Chain Rule): 

1. 
f(x) = 3e2x
2. 
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3. 
g(x) = 
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f ((x) = 
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g((x) =

Therefore, we have 
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 and by Chain Rule, we have
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. That is, if anyone asks you what is the derivative of e raised to the something, just say ______________________________________.

In other words, 
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Another notation for ex is exp(x). We tend to use this notation when the exponent is rather complicated. For example, in many textbooks, 
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will be written as exp
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.  So if f(x) = exp
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, what is f ((x)?
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You may recall: Where n is a real constant, we have 
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 _____. So you may wonder why 
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 and not xex–1? That’s because xn and ex are two different types of functions—xn is a power function whereas ex is an exponential function. In xn, the base, x, is the variable and the exponent, n, is the constant, however, in ex, the base, e, is the __________ and the exponent, x, is the __________. If this doesn’t convince you that 
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 should be ex (itself!) and not xex–1, let’s analyze the graph of y = ex.
As we can see from the right, the function y = ex is always ____________, ____________ and ____________ on all real numbers. 
The Derivative of ax 
We know ex is not the only exponential function, there are many other exponential functions: 2x, 3x, (x, etc. So what are the derivatives of these functions? 
We need to use this trick: a = eln a, which is one of the two cancellation laws in exponents/logarithms. Therefore, 2 = eln 2, 3 = _____ and ( = _____. 
How does this help us? Well, 2x can be written as (eln 2)x and which is e(ln 2)x. So, 

d/dx(2x) = 
Similarly, d/dx(3x) =
and d/dx((x) =
Conclusion: Where a > 0, d/dx(ax) = 
and by Chain Rule, d/dx[au(x)] =
For example, 
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The Derivative of ln x 
To differentiate y = ln x, we let both sides of the equation to be powers of e i.e., “insert” e (as the base) to both sides of the equation, we will have:
Conclusion: d/dx(ln x) = 
and by Chain Rule, d/dx[ln u(x)] =
For example, 
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and 
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The Derivative of log a x
To differentiate y = log a x (a > 0 and a ≠ 1), we use this trick: log a x = 
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, which is called the change-of-base formula. Notice that ln a is just a constant:

Conclusion: d/dx(log a x) = 
and by Chain Rule, d/dx[log a u(x)] =
For example, 
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and 
[image: image21.wmf][

]

)

ln

(

log

5

x

e

dx

d

x

=
The Derivative of xx
Question arises when we have the base contains x and the exponent also contains x, e.g., f(x) = (x2 + 1)sin x, what is the derivative? Before we attempt to differentiate this rather complicated function, let’s just make it simple, say f(x) = xx. To find the derivative of xx, we still use the very same trick: a = eln a and ax = (eln a)x. So, x = _____ and xx = ______. Thus, 
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Now, 
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Integrals Involving ex and ax
1. 
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(1) To see e as a decimal in a calculator: One-line display calculator:  1 , 2nd or Shift,  ln ; Two-line display calculator and graphing calculator: 2nd or Shift,  ln ,  1 ,  =  or Enter.
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