Integration by Parts

Many integrals have their integrands as a product. For example, 

I1 = ( sin x cos x dx, I2 = ( x
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dx, I3 = ( x sin x dx, I4 = ( x cos x dx, and I5 = ( xex dx.

Recall that in derivatives, we have product rule when differentiating a product of two functions. However, in integrals, we don’t have “product rule” when integrating a product of two functions. We have, so far, u-substitution.

In the first two integrals, we can transform them to a u-substitution (i.e., rewrite the integrals in terms of u and du). In I1, by letting u = sin x, then du = cos x dx, so I1 = ( u du, and in I2, u = x2, then du = 2x dx, so I2 = ( eu (½ du). However, this (the rewriting of integrals in terms of u and du) can’t be achieved in the last three integrals. For example, let’s look at I3 = ( x sin x dx:
If we let u = x, then du = dx and sin x = sin u, so ( x sin x dx = ( u sin u du (BUT merely changing the variable x to u won’t help us anything)
If we let u = sin x, then du = cos x dx (BUT we don’t have cos x in the integral)
So, what do we do? We are going to use an untraditional “u-substitution” which we call “udv-substitution”, where standard textbooks call it integration by parts. 
The idea is to let u = one part of the integral, and dv = the rest of the integral (including the dx part, of course) and use this integration-by-parts formula:
( u dv = u v – ( v du
For example,
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  u = x
dv = sin x dx
du = dx
  v = –cos x
Check:

d/dx(*) = (–1)(cos x) + (–x)(–sin x) + cos x = x sin x
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  u = x
dv = cos x dx
du = dx
  v = sin x
Check:

d/dx(*) = (1)(sin x) + (x)(cos x) – 
sin x = x cos x
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  u = x
dv = ex dx
du = dx
  v = ex
Check:

d/dx(*) = (1)(ex) + (x)(ex) – ex = xex


What kind of integrals we need to use integration by parts (i.e., udv substitution):

I.
( xn f(x) dx where f(x) = sin ax, cos ax, eax (where a is a nonzero constant)


Let u = xn and dv = f(x) dx (use tabular method when n ( 2)

II.
( xn f(x) dx where f(x) = ln ax, sin–1ax, tan–1ax, sec–1ax, (where a is a nonzero constant) 


Let u = f(x) and dv = xn dx (including the case n = 0)

III. 
( eax sin (bx) dx and ( eax cos (bx) dx (where a and b nonzero constants)

You have to use integration by parts (udv-substitution) twice. The first time udv-substitution is arbitrary, for example, ( eax sin (bx) dx, you can let u = eax and dv = sin (bx) dx or u = sin (bx) dx and dv = eax dx. However, the second time udv-substitution must follow the same substitution you use for the first time. Of course, the most important thing is, after you carry out the integration by parts twice, you will see the integral ( eax sin (bx) dx again (but with minus sign before it). What you need to do now is to transpose this negative integral to the other side.

Note: 

Here, we assume n (the power of x) is a nonnegative integer.
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